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Introduction

In early 90’s in physical literature the notion of the topological field theory was
formulated that enriched mathematics with many new ideas. Although since
then it was written tones of papers on this subject, lectures of Dubrovin are
still impossible to replace. Describe very shortly what is going on there.

Dubrovin starts with the WDVV equation. A solution of this equation that
is a formal function on a vector space with metric is equivalent to an action of the
modular cyclic operad on this vector space. Dubrovin translates complicated
conditions on a function given by WDVV equation to conditions on a pencil
of flat connections on the tangent bundle on the vector space. Then some
homogeneity conditions imposed give the Euler field. The Euler field allows to
introduce the flat connection (with a singularity) on the vector space extended
by an affine line that parametrizes the pencil of connections. The coordinate
on this affine line called spectral paremeter. Under semisimplicity assumptions
Dubrovin succeeded to classify all quasihomogeneous solutions of the WDVV
equations. They turned to be numerated by monodromy data of the connection
along the spectral parameter, that is the monodromy and Stokes data.

Let us represent our point of view on this beautiful object — Frobenius man-
ifold. If we ignore metric, then we have an algebra over the operad of little discs,
that comes from the map of this operad to the modular operad. This algebra
has two different features. Firstly it reduced to the modular operad action, this
means that the bracket is trivial, compare the end of example 2.3 below. This
feature leads to the flat connection on the tangent bundle, canonical coordinates
and is very well understood (see [1] and plenty of sequel papers). Secondly this
algebra obeys some homogeneity conditions. This leads to the Euler field, con-
nection along z and finally to the monodromy data of this connection. Our aim
in this paper is to present as general as possible framework in which an analog
of the second structure appears. We consider only a pretty simple example (ex-
ample 6.1) that can be treated with the help of oscillating integrals and does
not requires 2-algebras and so on, but we hope it will be clear for the reader
how to expand the method for a more general situation. We keep in mind the
“non-commutative” version of the Landau-Ginsburg model like in [9].

Another aim of the present paper is to reveal seemingly natural for physi-
cists and absolutely mysterious for mathematicians (as it was for us at least)
connection between quantum groups (and 2-algebras, see e. g example 2.3 be-
low) and oscillating integrals. The example of this connection is the quantum
Chern-Simons theory [19]. We mention finally that it would be highly intresting
to understand the appearance of integrable hierarchies there from our position.
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In the first section we collect some useful facts about the Hochschild homol-
ogy, the reader may inquire e. g. in [12]. In the second we sketch definition and
properties of 2-algebras that is algebras over the operad of chains of little discs.
We show that they are nearly the same as tensor categories. In the third section
we introduce a product on the Hochschild homology of a 2-algebra. The reason
for this is transparent: the Hochschild homology is the categorical notion, thus
on the one of a tensor category a product is defined. We believe that this ar-
gument may be expanded to get a proof. We give a slightly different proof in
the next section. Our proofs are very sketchy, they may be elaborated with the
help of general nonsense from the general operad theory. We hope to develop it
elsewhere. In the last section we discuss the spectral parameter.

The literature about subjects of the paper is huge, we even did not try to
give good references, we only mentioned sources that we really used, they could
be neither exhaustive, nor primary.

Acknowledgments. I am happy to express my gratitude to Boris Dubrovin
for his friendly explanations of his remarkable work long time ago and to Dima
Kaledin who conjures up my interest to this striking subject by intresting and
stimulating discussions. I am grateful to Luc Menichi for interesting discussion
and for reference [3].

All algebras and (co)homologies are over a base field k of characteristic 0.

1 Hochschild homology

The Hochschild homology HH∗(A) of a unital algebra A are defined by

HHn(A) = Torn
A⊗Ao(A, A).

The standard resolution of the algebra gives an explicit complex calculating the
Hochschild homology:

C∗(A) : · · ·
b

−→ A⊗n+1 b
−→ A⊗n b

−→ · · ·
b

−→ A⊗2 b
−→ A

b(a0 · a1 · · · an) =

a0a1 · a2 · · ·an − a0 · a1a2 · · · · · an + · · · ± ana0 · a1 · · · an−1

The complex is equipped with the Rinehart differential B given by the formula

B(a0 · a1 · · · an) =

n−1
∑

i=0

(−1)ni1 · a1 · · ·an · a0 · · · ai−1 − (−1)n(i−1)ai−1 · 1 · ai · · ·an · a0 · · · ai−2

Here are important properties of the Hochschild homology:

1. It is a homotopically exact functor from algebras to complexes. In other
words, it is enough to know only Hochschild homology of free algebras
(see example 5.1) and then for any finitely generated algebra one get its
Hochschild homology by a free resolution.

2. The Hochschild homology is Morita invariant, that is HH∗(Matn(A)) is
naturally isomorphic to HH∗(A), where Matn is the matrix algebra.
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3. Künneth formula: HH∗(A ⊗k B) = HH∗(A) ⊗k HH∗(B).

4. Any differential from an algebra to itself acts on C∗. For an inner deriva-
tion this action is homologically trivial (see e. g. [12, Proposition 4.1.4]).

Example 1.1. If algebra A is the algebra of functions on a smooth affine man-
ifold (for example, the polynomial one), then HHn(A) = Ωn, sections of n-th
differential forms. The Rinehart differential is exactly the de Rham differential.

Example 1.2. More generally, if A is an algebra of matrices on a vector bundle
on a smooth affine manifold, then the Hochschild homology are the same by
property 2. Moreover, one may replace a manifold by a supermanifold, that is
to add anticommuting odd generators.

Example 1.3. Let Diffn be the algebra of polynomial differential operators
k[x1, . . . , xn, ∂/∂x1, . . . , ∂/∂xn], then

HHi(Diffn) =

{

k i = 2n

0 i 6= 2n
,

see [7]. More generally, if one starts with algebra of differential operators on
a smooth affine manifold, the Hochschild homology are given by the de Rham
complex of it. This observation is very important e. g. for [2] and many others.

2 2-algebras

Consider the moduli space of non-intersecting discs (round holes) inside a unit
disc. These spaces form an operad: one may insert discs in holes. This operad is
called an operad of little discs (e. g.[18]). The chain complex of this operad is an
operad in the category of complexes. We call an algebra over this operad in the
category of complexes by 2-algebra. The zeroth homology of the moduli space
of two discs (which is a circle) gives a (homotopical) associative product on a
2-algebra and the first homology of it equips a 2-algebra with a (homotopical)
Lie bracket of degree -1.

The homology of little disc operad form an operad in the category of graded
vector spaces. An algebra over this operad is called the Gerstenhaber algebra.
By definition, the Gerstenhaber algebra is a graded supercommutative algebra
with the (Gerstenhaber) bracket of degree −1, for which the Jacobi identity
holds and which interacts with multiplication by the Leibniz rule. There is also
a homotopical version of the Gerstenhaber algebra (e.g [17]) that is an object
of the category of complexes.

Example 2.1. A commutative algebra gives an example of a 2-algebra and of
a Gerstenhaber algebra.

Example 2.2. Less trivial example is the cochain complex of an algebra, that
is the complex calculating ExtA⊗Ao(A, A). The structure of a 2-algebra on it
is the point of the Deligne conjecture (see e. g. [14]). The cohomology of this
complex is a Gerstenhaber algebra. For example, if A is a polynomial ring,
the latter is the algebra of polyvector fields with cup product and Schouten-
Nijenhuis bracket on it.
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The last example is a particular case of the following (partly heuristic) state-
ment: for a tensor DG-category Ext•(1, 1) is equipped with a structure of 2-
algebra. The problem with making this statement more precise (for us, at least)
is to give a good definition of tensor DG-category or a similar object. But one
may show in a sense the inverse statement: the category of twisted complexes
over a 2-algebra is supplied with a tensor structure. The twisted complex over
a DG-algebra is a graded by non-negative integers free module over the algebra
with an endomorphism d = d1 + d2 + . . . , where di is the component of degree i
with respect to this grading such, that (∂ + d)2 = 0, where ∂ is the differential
on our DG-algebra. Let us consider the simplest case: two complexes having
only the zeroth and the first components that are one-dimensional. Differential
d1 equals a and b and d>1 are zero:

•
a

//• and •
b

//•

The tensor product looks as follows:

• b
--[[[[[

•
a 11ccccc

b
--[[[[[ •• ±a

11ccccc

On the picture d1 is drawn. As d2
1 = ab ± ba, the component d2 of this twisted

complex is equal to the 2-valency operation of a and b that corresponds to the
permutation of two discs, that is an elementary move in the braid group. This
formalism being well developed would give an explicit proof of theorem 1 below.

Tamarkin in [18] defines a functor from Gerstenhaber algebras to 2-algebras,
that is trivial on the cohomology. We call it the Tamarkin functor. It is a highly
non-trivial thing and depends on a choice of the Drinfeld associator. This func-
tor (more exactly, the derived one) gives a quasi-isomorphism of these operads
and thus an equivalence between homotopy categories of algebras over them.
One should be careful here: from both of these categories there is a (forget-
ful) functor to the category of homotopy associative algebras, and Tamarkin
isomorphism does not commute with them.

Example 2.3. The following example is taken from [8].
Let g be a Lie algebra. Consider the supercommutative algebra Λ∗

g
∨ with

the differential given by the vector field ∂ : g
∨ → g

∨ ∧ g
∨ dual to the structure

constats (Chevalley complex). Suppose that g is a bialgebra, that is equipped
with a cobracket g

∨ ∧ g
∨ → g

∨ that obeys the Jacobi rule and is compatible
with the Lie bracket. Then, as it is shown in [8], the Chevalley complex becomes
the Gerstenhaber algebra, where the Gerstenhaber bracket is defined by the
cobracket on the Lie algebra and the Leibniz rule.

The category of DG-modules over the Chevalley complex is essentially the
category of representations of the Lie algebra. The Tamarkin functor makes
form the Chevalley complex a 2-algebra. The category of representations of g

with the tensor product corresponding to this 2-algebra structure is the category
of representations of the quantum group.

Note that existence of the R-matrix on the category is connected with the
fact that the Gerstenhaber bracket on the Chevalley complex is homotopically
trivial, that is a coborder under ∂. Note, that it does not mean that the Ger-
stenhaber algebra structure is trivial, because one can not choose this killing
cochain in a way consistent with the operad structure.
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3 Hochschild homology of 2-algebras

Here we state three theorems about Hochschild homology of a 2-algebra A con-
sidered as a usual (possibly homotopical) algebra. Proofs will be sketched below.

Theorem 1. The Hochschild complex C∗ of a 2-algebra is equipped with a nat-
ural structure of homotopy associative algebra.

That is the Hochschild homology of a 2-algebra is a 1-algebra. In the same
way the Hochschild homology of a n-algebra (that is an algebra over the operad
of chains of little n-spheres) is a (n − 1)-algebra.

Theorem 2. For a commutative algebra considered as a 2-algebra (example
2.1) the product given by theorem 1 coincides with usual one, that is defined by
the composition

HH∗(A) ⊗ HH∗(A) HH∗(A ⊗ A) //HH∗(A),

where the first arrow is given by the Künneth formula and the second one is
induced by the multiplication A ⊗ A → A on the algebra.

Continuing the previous remark, existence of the commutative product on
the Hochschild homology of a commutative algebra may be rephrased as the
Hochschild homology of an ∞-algebra is an ∞-algebra.

For a 2-algebra A homotopy Lie algebra A[1] with respect to the defined
bracket acts adjointly on A and this action continues on C∗(A) due to the
Leibniz rule (compare with property 4 of the Hochschild homology).

Theorem 3. The described action of A[1] on C∗(A) coinsides with the one given
by the formula x(a) = [B ıx, a], where a is in C∗(A), x ∈ A, ı : A → C∗(A) is
the inclusion, B is the Rinehart differential and [, ] means the commutator with
respect to the multiplication on C∗(A) given by theorem 1.

Example 3.1. As it was mentioned in example 2.2, Hochschild cochains of an
algebra form a 2-algebra. Let M be the spectrum of polynomial ring R (one may
consider any smooth commutative algebra). Look at the Hochschild homology
of cochains of R that is an algebra by theorem 1.

The algebra of cochains as an algebra is isomorphic to the algebra of polyvec-
tor fields PolyM on M with cup product (e. g. [13]). The Hochschild homology
of Hochschild cochains as vector space is the space of sections of differential
forms on the supermanifold that is superspectrum of PolyM . One may see that
this is the space of sections of the object S∗(T∨[−1])⊗S∗(T[1])⊗S∗(T), where

T and T∨ are the tangent and the cotangent bundles of M .
Now define the product on this space suggested by theorem 1. One has

an embedding of functions considered as a commutative algebra and thus as
a 2-algebra to the 2-algebra of cochains. As the product given by theorem 1
is natural then due to theorem 2 this gives an embedding of the algebra of
differential forms on M to the Hochschild homology of cochains considered as
an algebra. In the same way, embedding of constant polyvector fields gives
another supercommutative subalgebra of the Hochschild homology of cochains.
To define the product on the Hochschild homology of cochains one needs to
define how interacts these two commutative subalgebras. At this point we make
use of theorem 3 and find that the algebra of Hochschild homology of cochains is
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isomorphic to the algebra of differential operators acting on the total differential
forms Diff(Ω∗, Ω∗). This structure on the Hochschild complex of cochains (along
with many others) is described in [15].

Note, that we identify differential operators on total forms with functions on
the cotangent bundle of the superspectrum of the algebra of differential forms.
This identification could not be canonical, this is essentially a quantization and
depends on some choices (see [11]). On the other hand, to do it we have to apply
the Tamarkin functor that needs a choice of the Drinfeld associator. That is we
have such nice picture of consistence:

polyvector fields

HH

��

Tamarkin functor
// cochains

HH

��

Func(T∨(Spec(Ω∗
M )))

quantization
// Diff(Spec(Ω∗

M ))

where horizontal arrows depends essentially on choice of the same things.

4 2-Hochschild homology

Definition 1. For a 2-algebra A define 2-Hochschild homology 2HH∗(A) as the
hyperhomology of the complex C∗(C∗(A)), where C∗(A) is equipped with the
product given by theorem 1.

Example 4.1. Combining examples 1.3 and 3.1 and using example 1.2 we
find that the 2-Hochschild homology of the 2-algebra of Hochschild cochains of
a polynomial algebra are one-dimensional. More generally, for an algebra of
functions on a smooth affine manifold it is given by the de Rham cohomology.

An important property of the 2-Hochschild homology is invariance under
“inner” automorphisms of the 2-algebra. That is a 2-algebra considered as
a homotopy Lie algebra acts on itself adjointly, this action continues on its
Hochschild homology and gives the trivial action on the 2-Hochschild homology
by theorem 3 and property 4 of the Hochschild homology.

If given 2-algebra is the algebra of Hochschild cochains of an algebra, this
leads to rigidity of the composition functor

algebra Hochschild cochains
2HH∗

 vector space.

Indeed, any deformation of an algebra is given by a Hochschild cochain and the
induced deformation of cochains is inner, that is given by the bracket with this
cochain; thus it does not influence on the 2-Hochschild homology.

5 Homotopy digression

Consider a connected CW-complex (X, x0) with a basepoint and let ΩX be the
space of loops of X . It is equipped with the homotopical associative product and
the its homology groups and the chain complex are equipped as well. As it is
shown e. g. in [10] the Hochschild homology (C∗) of these algebras is isomorphic
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to the homology (the chain complex) of the free loop space (S1, X) of X . The
Rinehart differential comes from the natural action of the circle

S1 × (S1, X) → (S1, X)

and is equal to the multiplication by the class in the first homology of the circle.

Example 5.1. Let X =
∨n

i=1 S1
i be the wedge sum of n circles . The homology

of the loop space of it is the group ring of the free group with n generators. The
completeion of this ring with respect to the augmentation ideal is a free algebra.
Thus the Hochschild homology of a free algebra is equal to the homology of the
free loop space of

∨n

i=1 S1
i completed by the augmentation ideal.

As it is shown e. g. in [4] a topological space with action of little discs
operad is under mild assumptions the same as a double loop space. Thus the
chain complex of a double loop space ΩΩX is a 2-algebra and by the very
definition its 2-Hochschild homology equals to homology of (S1 × S1, X).

Sketch of proof of theorems 1,2,3. Theorems 1 and 2 are proved in [3]. More-
over, it is proved there that the natural map A → HH∗(A) is a morphism of
algebras for a 2-algebra A. We sketch below another proof.

Due to exactness of the Hochschild homology functor it is enough to prove
the first theorem for a free 2-algebra. As it follows from [4] the free 2-algebra
with n generators is given by completion by the augmentation ideal (as in the
example) of the chain complex of ΩΩ

∨n
i=1 S2

i . The Hochschild homology of it is
equal to the chain complex of the free loop space (S1, Ω

∨n

i=1 S2
i ) that is equal

to Ω(S1,
∨n

i=1 S2
i ) and the latter is equipped with the natural product. That is

the chain complex is also equipped with a product, this proves theorem 1. By
the way this follows that 2-Hochschild homology of a free 2-algebra is equal to
homology of moduli space of little discs on the torus.

The second theorem could be proved in the same way after replacing free
2-algebras with free commutative algebras and double loop spaces with infinite
loop spaces (compare with the remark after theorem 2).

The third theorem follows from the description of the Rinehart differential
through the circle action and the equality of cycles given by the picture:

where the cylinder presents a path in the free loop space, top and bottom circles
of it are the same base point in the free loop space, the gray disc presents an
element of Ω(S1,

∨n

i=1 S2
i ) and the black disc — an element of ΩΩ

∨n

i=1 S2
i .

6 Spectral parameter

With any Gerstenhaber algebra A one can associate a 1-parametric family of
Gerstenhaber algebras A(s) with the same product and the bracket given by
[, ]A(s) = s[, ]A. Call indeterminate s by the spectral parameter. Define also
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an action of the multiplicative group on the set of Gerstenhaber algebras by
t(A) = A(t). Note that if A is Z-graded, then this action is trivial and the
isomorphism is given by x 7→ t− deg xx. But for Z2-graded case this action is
not trivial in general. Call an algebra with this action locally trivialized (that
is the Lie algebra action or the universal covering of the multiplicative group is
trivialized) a special Gerstenhaber algebra.

The Tamarkin functor transfers the described action of the multiplicative
group on the Gerstenhaber operad to the homotopical action of the multiplica-
tive group on the category of 2-algebras. (One may think about it as a Hodge
filtration on the operad of chains of little discs.) Call a 2-algebra coming from
the special Gerstenhaber algebra by special 2-algebra. One could give definition
in intrinsic (Hodge structure) terms, but as all intresting (and up to a quasiiso-
morphism all) 2-algebras come from Gerstenhaber ones this is not necessary.

Given a special 2-algebra we may consider a family of algebras over the
affine line parametrized by the spectral parameter with connection out of zero.
Applying functor 2HH∗ one gets a sheaf over the affine line with the connection
outside zero. (Note, that to get this connection one could impose conditions
weaker than speciality.) The fiber of this sheaf over zero is usually bigger, than
the general one. But if one can continue the general fiber to zero for some reason,
one get an interesting connection with a singularity. The nature of these reasons
that appears in existence is highly intriguing and seems to be connected with
integrable hierarchies.

Example 6.1. Let f = zn be a function on the affine line k
1. One may

consider any quasihomogeneous function on affine space with isolated singular-
ity at zero as well. Consider the differential Z2-graded Gerstenhaber algebra
(k[z, ∂/∂z], [f, ·]), that is polyvector fields with the differential equals to bracket
with f (= contraction with df). On the cohomology of this algebra the Ger-
stenhaber bracket is zero, but there are many higher operations.

As it was was mentioned before, the Gerstenhaber algebra of polyvectors
fields is a special Gerstenhaber algebra due to Z-grading. The differential breaks
the grading, but the action of the multiplicative group may be nevertheless
trivialized because of quasihomogeneity. The trivializing map looks as

z 7→ t−
1
n z, ∂/∂z 7→ t−

n+1

n ∂/∂z.

We suspect that the quasihomogeneity condition is not so necessary and what
is follows works for any function with isolated singularity, but in less obvious
way.

The 2-algebra associated with described Gerstenhaber algebra (denote it A)
is Hochschild cochains on the affine line with the differential given by the com-
mutator with f being considered as a 0-cochain. The tensor category associated
with A may be easily described. Consider 2-periodic “complexes”

. . . −→ X0
d

−→ X1
d

−→ X0
d

−→ X1 −→ . . .

of free coherent sheaves on k
1 × k

1 with d · d = xn − yn. As it is shown in [16]
it is a DG-category and its derived category is isomorphic to the category of
singularity (k1 ×k

1, xn − yn), that is the derived category of coherent shaves on
the scheme given by the equation xn − yn = 0 factorized by perfect complexes.
The tensor product on this category is defined by convolution. One may think
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about this category as about the category of endofunctors of the category of
singularity (k1, f). The unit in this tensor category is the diagonal, that is the
“complex”

. . . −→ O
x−y
−→ O

x
n
−y

n

x−y

−→ O
x−y
−→ O −→ . . .

The algebra of endomorphisms of this object is the desired algebra A.
Calculate Hochschild homology of A and the multiplication on them. By

example 2.2 and theorem 3 it equals to (Diff(Ω∗, Ω∗), [df, ·]). To calculate 2-
Hochschild homology we make use rigidity of it (see remark after definition 1).
If we move a little function f , the 2-Hochschild does not change, because this
deformation is “inner” (one may think that it corresponds to deformation of
the category of singularity (k1, f) that leads to an “inner” deformation of the
category of endofunctors). But if function f has isolated critical points, then
(Diff(Ω∗, Ω∗), [df, ·]) is equal to the sum of k“s numerated by these points. And
the Hochschild homology of these algebra is the same. That is 2-Hochschild
homology of our algebra (and any close to it) is the sum of Milnor number
copies of the base field.

Now introduce the spectral parameter, that is consider the family of 2-
algebras A(s). In algebra HH∗(A(s)) the parameter s plays role of the quan-
tization parameter, that is for general s this is differential operators and for
s = 0 — functions on the cotangent bundle. Hochschild homology of the latter
commutative algebra is bigger than the one for (Diff(Ω∗, Ω∗), [df, ·]), which cor-
responds to general s. Thus we have a sheaf 2HH∗(A(s)) over the spectral line
that is not a vector bundle because the fiber at zero is big and with connection
out of zero, because A is special.

Introduce now a versal deformation of function f and correspondingly of
algebra A. Denote parameters of this deformation by t. We have the family of
2-algebras A(t, s) and A(0, s) := A(s). Consider the sheaf 2HH∗(A(t, s)) over
the total space of parameters (t, s). For a general t algebra HH∗(A(s, t)) is a
sum of base fields independently of s, thus 2HH∗(A(s, t)) is the same. For t = 0
the fiber at s = 0 is different from the general one and there is connection along
s 6= 0, because A is special. Besides there is a connection on 2HH∗(A(t, s))
along t for s 6= 0 due to rigidity. This gives for a general t a connection on
2HH∗(A(t, s)) along s with singularity in 0. For general t this is exactly the
picture described in [5, Lecture 3] (isomonodromic deformation).

The Hochschild homology of algebra (Diff(Ω∗, Ω∗), [df, ·]) are closely related
with oscillating integrals, compare with example 1.3 (this connection seems to
be well-known but we did not find a reference). And the connection between
Frobenius manifolds and oscillating integral is also essential and well understood
([6]). So the only our contribution is founding the direct connection between
2-algebras and Frobenius manifolds through 2-Hochschild homology that opens
an expanse for generalizations.
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